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Motivation

Modeling Flexiblity
> Advanced lightweight materials enable more
flexible aerospace structures
» Essential to model inertial loads and flexibility
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Motivation

Our Goal
> Aero/elastic/dynamic rotorcraft simulations
» High-fidelity gradient-based optimization
» Parallel scalability is critical
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Motivation

Current Focus
> Analysis and adjoint derivative capabilities for
flexible multibody systems
» Enhance Toolkit for the Analysis of
Composite Structures (TACS)
> TACS interfaces with FUN3D via FUNtoFEM
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Some Dynamic Simulations in TACS
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Equations of Motion R(q,q,q,x,t) =0

Point 1

Dynamics, Kinematics and Constraints

> Implicit function of state and design variables

> Leads to a descriptor system of
Differential-Algebraic Equations (DAEs)

» Example: R=Mg+ Cq+Kq— F(t) =0

Topology properties:
B={AB,C}
P={12}
J={(A1).(B.1), (B.2), (C.2)}

Inertial coordinate frame

fas Body A
gag =0
Xa—Xg=0 Body B

€

fis
Body B
X4 — Xg =
€ gap =
g5
Body A 4/37



Equations of Motion R(q,q,q,x,t) =0

Point 1

Topology properties:

B=1{A B, C}
P={12}
State Vector Inrtal coondate rame T= 1A (5., (B.2). (C.2)
> position variables i Body A
> rotational parametrization AB
» Lagrange multipliers
gag =0
)?A — )?B =0 Body B
g fas

Body B
X4 —Xg =0
€ gip=0
g5
Body A 4/37



Equations of Motion R(q,q,q,x,t) =0

Point 1

Topology properties:
B={AB,C}
P={12}
J={(A1).(B.1), (B.2), (C.2)}

Inertial coordinate frame

fis Body A
gas =0
Natural vs. State-Space Form Xp —Xg =0 Body B

We solve as second-order equations &

f‘AB
. Body B
> No state-space conversions
» Simpler adjoint developments Xa = Xp =
> Preserve the physical meaning of quantities €8s = -
Body A 4/37



Solving the Coupled Flexible Multibody System

Time Marching Schemes

TACS supports different time integration schemes

BN~

Backward Difference Formulas (BDF)
Adams—Bashforth—-Moulton (ABM)
Diagonally Implicit Runge—Kutta (DIRK)
Newmark

multi-step-stage.pdf
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Solving the Coupled Flexible Multibody System

Key issues multi-step-stage.pdf

» Multistep methods are not self-starting
P> Multistage methods require more computations
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Solving the Coupled Flexible Multibody System

multi-step-stage.p

Forward Solution Mode

df

» March from the initial conditions qo, 4o

» Find state variables dy, qx, 9k

» Newton's method based on linearization of
governing equations
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Time Marching: Matrix Structure

Banded lower triangular system solve to for state updates
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Representation of Functionals

Objective Function

Functionals that are an integral in time and dependent on the state and design variables:

T N
f(X):A F(d:d7q7xy t) dtthFk(éL(Lq:X: tk)
k=0

> Aggregation functionals such as p-norm and
Kreisselmeier-Steinhauser (KS) provide
smooth approximations

» Maximum value of the quantity of interest
over the time interval [0, T]

» Other possibilities for functionals exist too
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Adjoint Derivatives

Formation of the Lagrangian
Introduce A\, x and ¢ as the adjoint variables:

N N N N
L= 0+ > hTRe+ > ]S+ > ¢l Ty
k=0 k=0 k=0 k=0

» Find adjoint variables X, ¥ and ¢

oL oL oL
> Use ——, ——,-— =
04k 04k Oqx

» Linear solve for each functional

Total Derivative

N

N - N .
M5 e S S

dx k k=0
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Discrete Adjoint: Matrix Structure

Banded upper triangular system with transposed Jacobian to solve for adjoint variables
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Time Marching: Newmark Beta Gamma (NBG)

> Linear single step method
> (3 and 7 are the coefficients of Newmark scheme
> Second time derivative of states, i, are the primary unknowns
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Time Marching: Newmark Beta Gamma (NBG)

> First time derivative of states:
Gk = k-1 + (1 — v)hdx—1 + vhdx + O(hP)

> State variables:

1-2
2

qk = k-1 + hdx—1 + ﬂhzﬁk—1 + Bh24k + O(hP)
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Time Marching: Newmark Beta Gamma (NBG)

> Solve implicit system each step [68—?‘ +7h86—'z“ +ﬁh2%] Adx = —Ry
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The Lagrangian: Newmark Beta Gamma (NBG)
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The Lagrangian: Newmark Beta Gamma (NBG)

Formation of the Lagrangian

> S and T are the state approximation
equations

» The residual R and the function F
have same mathematical form

» The Lagrangian is a linear
combination of equations

N N N N
T T T
L= hF+> MR+ > 0, S+ > b T
k=0 k=0 k=0 k=0
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The Lagrangian: Newmark Beta Gamma (NBG)

Find the adjoint variables

> Solve for ¢y using 0L/dq, =0
> Solve for 9, using L/, =0
> Solve for Ay using L/94, =0
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The Lagrangian: Newmark Beta Gamma (NBG)
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Discrete Adjoint: Newmark Beta Gamma (NBG)

N
L= Thr +Zh>\kRk+Z stoka

U

Solve for ¢y using 0L/9q, =0

Pk = Prt1

E T

IR,

+h [A} Ajo1
Og+1

[ 9Fii 17
o L 9qk+1 f

ﬁj
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Discrete Adjoint: Newmark Beta Gamma (NBG)

N N N
E:Zhﬂ+2h>\kRk+Z

k=0

k=0

N
5k+z<bk'rk

;2.

j

Solve for ¢y using 0L/9q, =0

Pk = Prt1

E T

IR,

+h [A} Ajo1
Og+1

o [ 9Fii 17

9qk+1 f

Four .
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Discrete Adjoint: Newmark Beta Gamma (NBG)

’“ Solve for using 0L/9q, =0
Y‘hr +Zh>\kRk+ZtkSk+Z<kak P & /99
= B Pk = Phy1
’ o1 ]
+h|— Akt
[3qk+1 } o
T
© o2
@ L‘)(Ik \f
' ‘ Four .
0\ 1 6Tk - 1
% o9y '
oh 8Tk+1 —1
' EUKEL L tiffness matrix,
Odk11
OF)
‘ (L — depends on the function
Oqk+1
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Discrete Adjoint: Newmark Beta Gamma (NBG)

N

N
L= hF +Zh)\kRk+Z Sk+ZQka
k=0

E

Solve for ¢ using L/9qx = 0

Yy = Ppy1
+ hoisr
ORii1  OR1 | T
1
Rl e el VAT
Odp41 Oag41
.
OF, OF,,
wpd QP O |
1”% 1 a1
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Discrete Adjoint: Newmark Beta Gamma (NBG)

N

N
L= hF +Zh)\kRk+Z Sk+ZQka
k=0

Solve for ¢ using L/9qx = 0

l/‘k = 'l,‘k 1
+ hdpi1
ORkp1  ORkr ]!
@ +h [—* F A N
Odg 41 Oag41
.
OF) OF)
wpd QP O |
1”% 1 9qy \J
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Discrete Adjoint: Newmark Beta Gamma (NBG)

N N N N . s
~ T T T —
L= 0r+ S MR+ > u] s+ 3 ol T Solve for Ak using L/9g, =0
k=0 k=0 k=0 k=0 T
OR OR OR
E pyh K g R =
G 04 Oqy
. T
)F, oF, )Fy
[OFc L 0Fk | g0 0Fk |

- ~t 31
1 24 day aay |
1 2

R CLORNLEY

- . T
OR 1-28 ,0R
_[(17 A il 2 k}l} Aot

041 2 Od41
T
oF, 1—283 ,0F
— (1= yh—E 2 OFin |
l k11 2 9qy lj

1-28
—Z{(1fw)hl;kl+ 5 h2(/>,<‘1}
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Discrete Adjoint: Newmark Beta Gamma (NBG)

N N N N . s
~ T T T —
L= 0r+ S MR+ > u] s+ 3 ol T Solve for Ak using L/9g, =0
k=0 k=0 k=0 k=0 T
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THE G yh T L T =
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Fourteen

Coefficients from Newmark scheme
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Discrete Adjoint: Newmark Beta Gamma (NBG)

N N N N . .
~ T T T —
L= 0r+ S MR+ > u] s+ 3 ol T Solve for Ak using L/9g, =0
k=0 k=0 k=0 k=0 T
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Fourteen

Coefficients from Newmark scheme
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Complex-Step Verification of Newmark Adjoint
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Complex-Step Verification of Newmark Adjoint

» Complex-step verification % = M

> Punched plate simulation run for 1000 time steps
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Complex-Step Verification of Newmark Adjoint

100 .
dh=1.06-04
10-2 p-e-e-e O dh-1.0e-08
B . ¥ ¥ dh=1.0e-12
104 ,,' . # % dh=1.0e-16
1076 : --é ooy
S -8 .
£ 10 H $-%
H 10-10 PORRIRR /’ AN
h Y 7 -4
10—12 "n'" “-—‘l
101
1016
4 6 8 10 12

Function Index

» dh=10"% 10510712, and 1071
> Functionals:

> structural mass [1]

> compliance [2]

> KS von Mises failure [3,4]

> |E von Mises failure [5 — 12]
> Thickness design variables

15/37




Time Marching: Diagonally Implicit Runge—Kutta (DIRK)

Remarks

> Linear multi-stage method
» Primary unknowns are qy;

> Not coupled like IRK

Butcher's Tableau

Stage | B1 B2 Bs |
1 @11 0 0 0 T1
2 any axn 0 0 T2
! . 0
s Qg1 Qg2 Qiss Ts
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Time Marching: Diagonally Implicit Runge—Kutta (DIRK)
Stage Vectors

Stage Approximation Equations

. . i .

Ui = Gr—1 + h 301 ol
i .

Uk = Gk—1 + h 351 ajly
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Time Marching: Diagonally Implicit Runge—Kutta (DIRK)

State Approximation Equations
Gk = D7 Bilii

Gk = Ak—1+h 37 Bilik
Ak = dk—1 + h D71 Bilk

04 - Wo
o Wi

State Vectors

8, |Ps % 1| &7
np2

B e hﬁl @ @ hB:
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Time Marching: Diagonally Implicit Runge—Kutta (DIRK)

®, ©e
2 1 1 &
.60 X \& '7..
RN Y p hot
@ @i

E )
‘ B2 'ﬁs ’ %)%} 1 1 &bh[h.
2 Y
Linearization of Rki(dkivqki:qki)tki) . B > . hby : hB; .
ORi ORy; h2a2 ORyi

hovs ]
au Mgy Ty,

Al = =Ry
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Discrete Adjoint: Diagonally Implicit Runge-Kutta (DIRK)

L= 3RS BNGRG + S s+ 6f T
k=0 i=1 k=0 k=0

Sk

Fyi
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Discrete Adjoint: Diagonally Implicit Runge-Kutta (DIRK)
L= +§:hiﬁi/\Lka+ZN:U[5u +2N:®ZU

k=0 i=1 k=0 k=0

Solve for ¢y using OL/Iqx =0

Pk = Prt1
. : ORyey1,i T
+ D0 hB— N
s Oupy,i
s
+2
i=1
Sk
Fyi
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Discrete Adjoint: Diagonally Implicit Runge-Kutta (DIRK)

L=

3RS BNGRG+Dw

Solve for ¢y using OL/Iqx =0

Pk = Pkt
s
Rit1

+D3 0 h R N
i=1 Oupiy,i
s

+2
i=1

Remarks

» Number of terms:
2[T]+s[R]+s[F]

» Storage requirements:
maximum number of stages
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Discrete Adjoint: Diagonally Implicit Runge-Kutta (DIRK)

Lagrangian Solve for 1y using 0L/94, =0

Vi = Pri1

s
+ > hBidki
i=1

. T
Rit1, : ORy41,i
+Zhﬂ,{ T VN
j=1

u
Olijyi Oupy,i

- T
+Zh,‘{ 7)7\‘ oh, l‘}

OUgyr.i ey «)u;\ 1,i

Remarks

> is the primal variable for 1

» Number of terms:

2[S]1+s[T]1+2s[R]1+2s[F]
> Storage requirements:

> s state vectors ly;, U, Ui
> adjoint vectors Ay, Vi, dk €
[17 S? s]
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Discrete Adjoint: Diagonally Implicit Runge-Kutta (DIRK)

Lagrangian

7

Solve for Ay using L /Ol

E , p T

ORy; ORy; ORy;

5; "kr o ki hza’g/_ ki A =
Oliy; Oy Auy,

i

j=itt pi " Du
S [ J F ’
" 2]
- > ha +023" ajpa,
=it I ou = ou

s
— Bk = 3 Bihajid
Jj=i

Remarks

is the primal variable for \j;

[s-i+1,1,2(s-i)+1,2(s-1)+1]
Storage requirements:

P state vectors iy, Uy, Ux € [S, S, S]

> adjoint vectors Ay, Vi, ¢k € [s,1,1]

>
>
>
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Complex-Step Verification of DIRK Adjoint

DIRK Orders 2, 3 and 4

100 10° 100
@0 oiooor
102 10-2 (00 an-1.0008 10-2
¥ ooz
10t 10-4 # 4 onioats 10-4
106 ; 1076 o-4 10-6
E 1078 ; - u% 1078 u@J 10°¢
o] g didig S -4 10-10 101
Hd 24
0% 8 10712 10772
10-14 10-1 10-14
10716 107" 107'¢
2 6 0 12 2 6 8 10 12 0
Function Index Function Index
s . Imf (x+he;
> Complex-step verification % = W
d
> dh=10"*% 10"% 10712, and 1016
» Simulation run for 1000 time steps
> Functionals:

P Thickness design variables

> structural mass [1]
> compliance [2]

> KS von Mises failure [3, 4]
> |E von Mises failure [5 — 12]
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More Time Marching Methods...

Backwards Difference Formulas

Adams—Bashforth—Moulton
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Parallel Scalability Assessment

Highlevel Operations: Forward, Reverse and Total

22/37



Parallel Scalability Assessment

Highlevel Operations: Forward, Reverse and Total

Wall Time [s]

108

108
@@ ideal @@ ideal
@@ total @-@ total
@@ forward @@ forward
(@@ adjoint @@ adjoint
. 10*
£
2
10 =
S 100
10! 102
100 10 102 10
Number of Processors

Number of Processors

192,000 DOF 2 million DOF

> Simulation on a flexible plate using BDF method
> Time taken for distributed operations on two problem sizes

102
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Parallel Scalability Assessment

Highlevel Operations: Forward, Reverse and Total

Wall Time [s]

10° 10°
@@ ideal @@ ideal
@@ total @@ total
@@ forward @@ forward
@ :d]olanl @ aom;u
@104
[0}
102 E
=
S 100
10! 102
100 10 102 10 102
Number of Processors Number of Processors
192,000 DOF 2 million DOF

forward analysis: nonlinear solution

adjoint-derivative computations: adjoint linear system, total-derivative
computations

Total simulation time

Ideal expected scaling
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Parallel Scalability Assessment

Forward Mode Operations

10° 10*
@@ ideal
@@ total
(@@ factor
102 @@ assembly 107 \
@ @@ apply factor >
- — @@ ideal
QE’ 10' QE’ 102 (ad ::tal‘
== = @@ factor
: ': '\\M :scs‘:mb\y
g gw @@ apply factor
10 10! -———-..__._________.___:::::::
10-! 100
10° 10! 10? 10! 10?
Number of Processors Number of Processors
192,000 DOF 2 million DOF
> Assembly operations for assembling the matrices and residuals
» Factorization of the linearized system at each Newton iteration
» Applying the factorization to solve for Newton update
> Total state variable solution time
> ldeal expected scaling
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Paralle

| Scalability Assessment

Reverse Mode Operations

—_

@@ ideal

@@ total

@@ factor

@@ assembly
jac-vec pdt

@
@@ apply factor

10° 104
@@ ideal
@@ total
@@ factor
102 3 _ﬂsse"‘b:)yd‘ 108
- jac-vec —
L. @@ apply factor L
g g
2
E 10’ E 10
© ©
= =
100 10!
107! 10°
100 10 102 10

VVYVYVYYVY

Number of Processors

192,000 DOF

Number of Processors

2 million DOF

10%

Assembly operations for setting up the transposed matrices and right-hand-side

Factorization of the adjoint linear system

Applying the factorization to solve for adjoint variables
Matrix-vector products in computing the total derivative

Total adjoint mode time
Ideal expected scaling
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Parallel Scalability Assessment

Percentage Time

1.00 1.00

0.75 0.75
o o o
E E E
P P P
£ 0.50 £ 0.50 k=
g g g
e e e
& & &

0.25 0.25

0.00 im 0.00

12 16 20 24 1 2 4 8 12 16 20 24
Number of Processors Number of Processors

Percent Time
Percent Time

Number of Processors Number of Processors Number of Processors

Overall performance Solution operations Adjoint operations

> Percentage of time taken
» Matrix factorizations are the most expensive operation
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Wrap Up

Descriptor & Natural Form of Governing Equations
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Wrap Up

Time Dependent Discrete Adjoint

> Multistep and multistage time marching: BDF, DIRK, ABM, Newmark
» Mathematical formulation, numerical verification, geometric interpretation of
terms
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Wrap Up

Multibody Dynamics

> Simulations with key components for building complex and high-fidelity models
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Wrap Up

Parallel Scalability

»> Upto 2 million degrees of freedom with overall good scalability
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Any Questions?

e #
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Time Marching: Backwards Difference Formula (BDF)

State Approximation Equations Sy and Ty
1 P
Gy = P S ajak—i + O(HP)
=0

2p

1

= 33 D Biak—i + O(h") Linear Combination of State Vectors
i=0

Linearization of Ry (dx, 4k, 9k, tk)

Bo OR  ag OR  OR
[7 —t+— =+ —|Awu =R
h? 94 h 949 dq

Remarks

Iterative Updates — [|Ry|| < € > Linear multistep method )
» Differentiates the interpolating polynomial
»  Primary unknowns are q
1
apt =ap + Ad}
.41 . @0
a =ag+ —Adg
h
antl _ .n Bo n
=4, + l.TQAqk
28 /37



Discrete Adjoint: Backwards Difference Formula (BDF)

Linear Combination of Equations R, S, T and F

Solve for ¢4 using OL/0dx =0

oT, T

b =0 = ¢, =0
Ody
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Discrete Adjoint: Backwards Difference Formula (BDF)

Linear Combination of Equations R, S, T and F

Solve for 1)y using 9L/9q, =0

S, T
— Y =0 = P =0
Oqy
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Discrete Adjoint: Backwards

Linear Combination of Equations

Difference Formula (BDF)

Solve for Ay using L/dq, =0

" a4 h 84 aq
{ Bo OFy Lo OF  OF

| 2 o9 h 9q dq J

Bo R, ag OR, AR, 1T
{ + — + 7:| Ak

2,
P aj ORykL; T)\ Zp Bi ORki T
e Vi keti
iz h Oy o b Otk
P oo OFsi 2P Bi OF
o h Odky Pt h? Béy
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Complex-Step Verification of BDF Adjoint

Backwards Difference Formula: Orders 1, 2 and 3

10° 10°

102 102
104 104
1076 108
E 108 E 1078
T T
10-12 10-12
10-14 10-14
10-16 10-16

2 4 6 8 10 12 6 8 6 8

Function Index Function Index Function Index

Remarks

> Perturbation step sizes 10~ %, 10~ %, 10712, and 10 1°
» 1000 time steps
> Functionals:
> structural mass [1]
> compliance [2]
> the KS aggregate of the von Mises failure criterion [3, 4]
P the induced exponential aggregate of the von Mises failure criterion [5 — 12]
P Thickness design variables
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Time Marching: Adams Bashforth Moulton (ABM)

State Approximation Equations Sy and Ty

p—1 Linear Combination of State Vectors
dk = Gr—1 + p_ hajlk—i + O(h")
i=0
p—1
Ak = k1 + Y hojde_; + O(hP)
=0

Linearization of Rg(dx, 4, dk, tk)

aR 8R ) p\i 0 L 2
I:i..k"'h 07.k + 1 (2)7‘( Ady = —Ry
lok] 49 O 1 1
2 12 12
3 s5/12  8/12 -1/12

Iterative Updates — ||Rk|| < e
Remarks

G g0 4+ A" P Linear multistep method
k k k P Integrates the interpolating polynomial
q’;*l = g} + haghd] »  Primary unknowns are gy

0y = o} + Hadad]

33/37



Discrete Adjoint: Adams—Bashforth—-Moulton (ABM)

Linear Combination of Equations R, S, T and F

Solve for ¢y using 9L/Iqx =0
. +h[ ]TA +/ymu}7
= ¢ — he ——
bk Pk+1 D1 k41 1 Dar
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Discrete Adjoint: Adams—Bashforth—-Moulton (ABM)

Linear Combination of Equations R, S, T and F

Solve for 1, using OL/0qx = 0

T T
ARy AR, F, i
KL | ey & 1} AM1+/7{1 KL | hag - 1
\
1

Vi = i1+ hagdpir +h

941 9941 9441 daks1 |
e

T T
9 *’l Ak+,-+hz{m”r"‘ }

OR,
Ok put Oy

p—1 p—1
+h Z ajbuyi+h Z {hu;
i=1 i=1
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Discrete Adjoint: Adams—Bashforth—-Moulton (ABM)

Solve for \x using L/9G, =0

Linear Combination of Equations
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Complex-Step Verification of ABM Adjoint

ABM Orders 1 and 2

10°
@ @ dh=1.0e-04
102 @ dh=1.0e-08
V¥ dh=1.0e-12
104 % % dh=1.0e-16
10-6 KLU Y .
8 10¢ ; ot
w .
10710 J
10712 '
10714
10716

0 2 4 6 8
Function Index

Remarks

10 12

Error

100
102
1074
1078
10-8
10—10
10—12
10—14
10—16

> Perturbation step sizes 10~ %, 10 %, 1012, and 1010

» 1000 time steps

> Functionals:
> structural mass [1]
> compliance [2]

@ @ dh=1.0e-04

¢ dh=1.0e-08
V¥ dh=1.0e-12
4 # dh=1.0e-16

o ¢

> the KS aggregate of the von Mises failure criterion [3, 4]
P the induced exponential aggregate of the von Mises failure criterion [5 — 12]

P Thickness design variables

4 6 8
Function Index
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